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Not Contained

• Preprocessing

• Postprocessing

• Artifact correction

• …
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In the order of 1000 projections
with 1000 channels are acquired
per detector slice and rotation.
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Data Completeness
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Each object point must be viewed by an angular interval of 
180° or more. Otherwise image reconstruction is not possible.
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Data Completeness
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Any straight line through a voxel must be intersected by the 
source trajectory at least once.
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Emission vs. Transmission

Emission tomography

• Infinitely many sources

• No source trajectory

• Detector trajectory may be an 
issue

• 3D reconstruction relatively 
simple

Transmission tomography

• A single source

• Source trajectory is the major 
issue

• Detector trajectory is an 
important issue

• 3D reconstruction extremely 
difficult



10

Part 1

Analytical Image 
Reconstruction
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Model

Solution
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2D: In-Plane Geometry

• Decouples from longitudinal geometry

• Useful for many imaging tasks

• Easy to understand

• 2D reconstruction
– Rebinning = resampling, resorting

– Filtered backprojection
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Fan-beam geometry
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In-Plane Parallel Beam Geometry

Measurement:

y

xϑ ξ
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Analytical Image Reconstruction
Filtered Backprojection
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Filtered Backprojection (FBP)

Measurement:

Fourier transform:

This is the central slice theorem:

Inversion:
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Filtered Backprojection (FBP)

1. Filter projection data with the reconstruction kernel.

2. Backproject the filtered data into the image:

Reconstruction kernels balance between spatial resolution and image noise.

Smooth Standard
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0° 36° 72°

108° 144° 180°
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Backprojection
(typically destination-driven, i.e. voxel-driven)
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Parallel Backprojection:
Reference Implementation
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2D Fan-Beam FBP

• Some fan-beam geometries lend 
themselved to filtered backprojection 
without rebinning1.

• Among those geometries the geometry 
with equiangular sampling in β, i.e. in 
steps of ∆β, is the most prominent one 
(although not necessarily optimal).

• The second most prominent geometry 
that allows for filtered backprojection 
in the native geometry is the one 
corresponding to a flat detector.

• The fourth generation CT geometry 
does not allow for shift-invariant 
filtering, unless the distance RF of the 
focal spot to the isocenter equals the 
radius RD of the detector ring.

1Guy Besson. CT fan-beam parametrizations leading to shift-invariant filtering. Inv. Prob. 1996.
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2D Fan-Beam FBP
• Classical way (coordinate transform):

• Modern way1 (inspired by Katsevich’s work):

• Parallel beam FBP for comparison:

1F. Noo et al. Image reconstruction from fan-beam projections on less than a short scan. PMB 2002.
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Start of
spiral scan

Scan
trajectory

Direction of
continuous

patient
transport

0

0

z

t

1996: 1998: 2002: 2004:
1×5 mm, 0.75 s 4×1 mm, 0.5 s 16×0.75 mm, 0.42 s 2⋅32×0.6 mm, 0.33 s

Kalender et al., Radiology 173(P):414 (1989) and 176:181-183 (1990)

collimation C

table increment d
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360° LI Spiral z-Interpolation 
for Single-Slice CT (M=1)

Spiral z-interpolation is typically a linear interpolation between points 
adjacent to the reconstruction position to obtain circular scan data.

Rzz =
d

z
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without z-interpolation with z-interpolation
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180° LI Spiral z-Interpolation 
for Single-Slice CT (M=1)

180° Spiral z-interpolation interpolates between direct and 
complementary rays.

Rzz =
d

z
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Start of
spiral scan

Scan
trajectory

Direction of
continuous

patient
transport

0

0

z

t

1996: 1998: 2002: 2004:
1×5 mm, 0.75 s 4×1 mm, 0.5 s 16×0.75 mm, 0.42 s 2⋅32×0.6 mm, 0.33 s
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Spiral z-Filtering for Multi-Slice CT
M=2, …, 6

Spiral z-filtering is collecting data points weighted with a triangular or 
trapezoidal distance weight to obtain circular scan data.

z

Rzz =
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CT Angiography:
Axillo-femoral
bypass

M = 4

120 cm in 40 s

0.5 s per rotation
4×2.5 mm collimation
pitch 1.5
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RSNA 2001 
MSCT (M = 16)

RSNA 1989 
SSCT (M = 1)
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The Pitch Value
is the Measure for Scan Overlap

Recommended by and in:

IEC, International Electrotechnical Commision: Medical electrical 
equipment – 60601 Part 2-44: Particular requirements for the safety of 
x-ray equipment for computed tomography. Geneva, Switzerland, 1999.

The pitch is defined as the ratio of the table increment per full rotation 
to the total collimation width in the center of rotation:

Examples:
• p=1/3=0.333 means that each z-position is covered by 3 rotations (3-fold overlap)

• p=1 means that the acquisition is not overlapping

• p=pmax means that each z-position is covered by half a rotation
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Start of
spiral scan

Scan
trajectory

Direction of
continuous

patient
transport

0

0

z

t

1996: 1998: 2002: 2004:
1×5 mm, 0.75 s 4×1 mm, 0.5 s 16×0.75 mm, 0.42 s 2⋅32×0.6 mm, 0.33 s



1×5 mm
0.75 s

4×1 mm
0.5 s

16×0.75 mm
0.375 s

256×0.625 mm
0.28 s

2⋅32×0.6 mm
0.375 s

The Cone-Beam Problem
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Kachelrieß et al., Med. Phys. 27(4), April 2000
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ASSR: Advanced Single-Slice Rebinning
3D and 4D Image Reconstruction for Medium Cone Angles

• First practical solution to the cone-beam problem 
in medical CT

• Reduction of 3D data to 2D slices

• Commercially implemented as AMPR

• ASSR is recommended for up to 64 slices

Do not confuse
the transmission algorithm ASSR

with
the emission algorithm SSRB!

Kachelrieß et al., Med. Phys. 27(4), April 2000
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The ASSR Algorithm

γ

Rα
3 intersections

for each R-plane

n

R

z d

τ

Kachelrieß et al., Med. Phys. 27(4), April 2000

Mean deviation at distance RM:       ∆ ≈ 0.007⋅d

at distance RF:       ∆ ≈ 0.014⋅d
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Comparison to Other Approximate Algorithms
180°LI d=1.5mm Π d=64mm MFR d=64mm ASSR d=64mm

H. Bruder, M. Kachelrieß, S. Schaller. SPIE Med. Imag. Conf. Proc., 3979, 2000
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Patient Images
with ASSR

• Sensation 16
• 0.5 s rotation
• 16×0.75 mm collimation
• pitch 1.0
• 70 cm in 29 s
• 1.4 GB rawdata
• 1400 images

• High image quality

• High performance

• Use of available
2D reconstruction 
hardware

• 100% detector usage

• Arbitrary pitch
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CT-Angiography
Sensation 64 spiral scan with 2⋅32×0.6 mm and 0.375 s
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• Approximate

• Similar to 2D reconstruction:
– row-wise filtering of the rawdata

– followed by backprojection

• True 3D volumetric 
backprojection along the 
original ray direction

• Compared to ASSR:
– larger cone-angles possible

– lower reconstruction speed

– requires 3D backprojection hardware

Feldkamp-Type Reconstruction

volume

ray

3D backprojection
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Cone-angle Γ = 6° Cone-angle Γ = 14° Cone-angle Γ = 28°

zz z

Cone-Beam Artifacts

focus trajectory

Defrise phantom
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Kachelrieß et al., Med. Phys. 31(6), June 2006
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Extended Parallel Backprojection (EPBP)
3D and 4D Feldkamp-Type Image Reconstruction

for Large Cone Angles

• Trajectories: circle, sequence, spiral

• Scan modes: standard, phase-correlated

• Rebinning: azimuthal + longitudinal + radial

• Feldkamp-type: convolution + true 3D backprojection

• 100% detector usage

• Fast and efficient

Kachelrieß et al., Med. Phys. 31(6), June 2006
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z

longitudinally 
rebinned 
detector

C

C

C+B

C: Area used for convolution
B: Area used for backprojection

β

l

Kachelrieß et al., Med. Phys. 31(6), June 2006
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ECG

Kymo

The complicated 
pattern of overlapping 
data …

… will become even 
more complicated with 
phase-correlation.

⇒ Individual voxel-by-
voxel weighting and 
normalization.

5-fold

4-fold

3-fold



58

ϑ
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The 180° Condition

The (weighted) contributions to each object point
must make up an interval of 180° and weight 1.

r

180° in 3 segments

1)( =+∑
k

kw πϑ

∫ = πϑϑ )(wd

and



• Spiral
• ASSR Std
• p = 1.0

• 256 slices
• (0/300)

• Spiral 
• EPBP Std
• p = 1.0

• Spiral 
• EPBP Std
• p = 0.375

Kachelrieß et al., Med. Phys. 31(6): 1623-1641, 2004



EPBP Std EPBP CI, 0% K-K EPBP CI, 50% K-K

Patient example, 32x0.6 mm, z-FFS, p=0.23, trot=0.375 s.
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after 36° after 72° after 108° after 144° after 180°

1 projection 2 projections 4 projections 8 projections all projections

normalized log normalized log normalized and convolved
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Analytical Reconstruction:
Gridding and Fourier Reconstruction
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Resampling

Source domain:
The samples that you 

have measured!

Destination domain:
This is were you 

would like to know 
the data!

This type of resampling is called destination-driven resampling.
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Resampling

Source domain:
The samples that you 

have measured!

Destination domain:
This is were you 

would like to know 
the data!

This type of resampling is called source-driven resampling.
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DD Resampling in 1D

• Function G(v) known at v = v0 + n ∆v for n = 1, …, N.

• We would like to know F(u) = G(v(u)) at discrete 
points u = u0 + m ∆u for m = 1, …, M, with v(u) being a 
non-linear coordinate transform.

• How should we obtain F(u)?

• Interpolation:

• Typical interpolation kernels
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DD Resampling in 1D
• What is the influence of the interpolation kernel?

• In the original domain, the kernel introduces a small 
scale local error (e.g. a slight smoothing), which may 
have the advantage of reducing aliasing.

• However, after a Fourier transform, small scale errors 
convert into large scale errors.

• Regard the kernel influence in spatial domain:

• Due to the non-linear coordinate transform the kernel 
influence cannot be appreciated in the spatial 
domain. Large scale errors will remain.

• Interpolation is not the method of choice if the data 
are needed in the other domain!
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SD Resampling (Gridding) in 1D

• Let us make the operation linear in u rather than in v:

• In spatial domain we now have

• Dividing by w(x) removes the influence of the window.

• This way of resampling is known as gridding.
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Gridding (SD Resampling) in 1D

• How to choose the gridding window?

• Sampling at u = u0 + m ∆u in frequency domain 

introduces periodic repetitions in spatial domain:

• To avoid aliasing the window must be constrained to a 
support of 1/∆u.
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Window functions
• Good window functions are

• To design a window that covers k = 4 sampling 
points in Fourier domain, use
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Bessel and Modified Bessel Function



74
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Gridding in 2D
Here: From Radial Samples

• Fourier slice theorem

• Gridding

• Inverse Fourier transform
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Gridding in 2D
Reference used
for simulation

Source-driven
resampling (gridding)

Destination-driven 
resamping (using LI)

Im
a
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e
D
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n

c
e
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o
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e
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re
n

c
e

MR simulation with 640 radial spokes
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Analytical CT Reconstruction

• Filtered backprojection

• Variants of FBP for use with spiral trajectories

• Variants of FBP for use with cardiac gating

• No Fourier reconstruction
– on discrete data only FBP is numerically exact

– FBP is faster for image sizes up to about 10242 or 20482

– Fourier recon does not work for cone-beam CT
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Analytical MR Reconstruction

• Fourier inversion (from cartesian k-space 
trajectories)

• Fourier reconstruction (with gridding)

• Gridding-based reconstruction from arbitrary k-
space trajectories
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Analytical 2D PET Reconstruction

• Projections (modeled as line integrals)

• Filtered backprojection (FBP)

• Quantitative corrections of the projection data 
necessary before reconstruction!

Activity 
distribution

Convolution 
kernel (filter)
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Quantification: SUV

• Standardized uptake value:

– c: local activity concentration [kBq/mL]

– A: total activity [kBq]

– W: patient weight [g]

⇒ Units of SUV are g/mL  (or dimensionless under the assumption 
that 1 g of tissue corresponds to 1 mL)

• Uniform activity distribution: SUV = 1.0

• Some tumors: SUV up to 25.0
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Attenuation

• The annihilation photons are attenuated when 
traversing the patient (and the system hardware).

• The number of detectable coincidence events for 
each LOR j is reduced by the attenuation factor 

Coincidence probability:

Independent of 
annihilation event 

location!

Attenuation correction (AC) necessary!

Detector A Detector B
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Non Attenuation-corrected Image (NAC) Attenuation-corrected Images (AC)

NAC vs. AC
Ga68 - Measured Data (1)

Bq/mL
2000

Bq/mL
10000

Half-life:
T1/2 = 68 min
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Non Attenuation-corrected Image (NAC) Attenuation-corrected Images (AC)

NAC vs. AC
Ga68 - Measured Data (2)

Bq/mL
10000

Bq/mL
10000

Half-life:
T1/2 = 68 min
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AC for Stand-alone PET

• Transmission scan 
using known activities.

• Blank scan 
(without patient).

• Compare measured 
intensities.

• Attenuation correction 
factors for each LOR j:

blank scan intensity

transmission scan 
intensity

Blank Scan

Transmission Scan
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AC for PET/CT

• Attenuation map is obtained 
by bilinear scaling using the 
CT image[1].

CT

PET

Bone

[1] J. P. J. Carney, D. W. Townsend, V. Rappoport, and B. Bendriem, “Method for transforming CT images for 
attenuation correction in PET/CT imaging,” Med. Phys., vol. 33, no. 4, pp. 976–83, 2006.

≈ 50 HU



91

AC for PET/MR

• MR images are used 
to segment different 
tissue classes (e.g., 
air, lung, fat, soft 
tissue).

• Appropriate 
attenuation values 
are assigned for 
each tissue class.

• Dedicated 
sequences, e.g., 

Attenuation Map

PET

MR images obtained using two-point Dixon VIBE sequence
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Analytical 3D PET Reconstruction

• Direct analytic reconstruction of the 3D data
– 3D Filtered backprojection (FBP)

– 3D reprojection algorithm (3DRP)

• Rebinning methods to convert the 3D data into sets 
of 2D data (subsequently: 2D reconstruction) 

– Single Slice Rebinning (SSRB)

– Fourier Rebinning (FORE)

• Quantitative corrections of the projection data 
necessary before reconstruction!
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LOR Parametrization in 3D

• LOR in 3D is parametrized by two transversal and 
two longitudinal variables.:

z

y

x
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3D Data Organization

• 2D parallel “sinograms”
– Group all LORs for given 

– Used for direct reconstruction 
(FBP, 3DRP)

• Oblique sinograms
– Group all LORs for given

– Used for rebinning approaches
(SSRB, FORE)

y

x

z

y

x

z
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3D Filtered Backprojection (FBP)

• Projections

• 3D FBP

• Only possible for non-truncated projections!

Activity 
distribution

Convolution 
kernel (filter)
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3D Reprojection Algorithm (3DRP)[1]

• Measured projections are truncated for 
all longitudinal angles θ ≠ 0.

• 3DRP is the standard analytic
reconstruction in PET.

• Steps
1) Use 2D FBP to reconstruct preliminary image 

from the θ = 0 projection data.

2) Forward project preliminary image along
missing LORs (θ ≠ 0).

3) Reconstruct measured and forward projected
data using 3D FBP.

z

z

[1] P. E. Kinahan and J. G. Rogers, “Analytic 3D image reconstruction using all detected events ,” IEEE 
Trans. Nucl. Sci., vol. 36, no. 1, pp. 964–968, 1989.
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Rebinning in PET

• Estimate stack of 2D sinograms from available 3D 
data by longitudinal resorting or averaging.

• Use 2D methods to reconstruct the rebinned
projections.

• Similar sensitivity as 3D methods but much faster.

• Approximate.
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Single-slice Rebinning Algorithm 
(SSRB)[1]

• Direct rebinning in projection domain

• SSRB is quite accurate if
– max. longitudinal aperture θmax

is small. 

– activity is concentrated along the 
longitudinal scanner axis.

– activity is invariant in longitudinal
direction. 

max. longitudinal 
aperture

[1] M. E. Daube-Witherspoon and G. Muehllehner, “Treatment of axial data in three-dimensional PET.,” J. 
Nucl. Med., vol. 28, no. 11, pp. 1717–24, Nov. 1987.

z
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Fourier Rebinning Algorithm 
(FORE)[1]

• Rebinning in Fourier domain
1) 2D FT of oblique projection data

2) Average and normalize

3) 2D inverse FT to obtain rebinned projections for every z-slice

[1] M. Defrise, P. E. Kinahan, D. W. Townsend, C. Michel, M. Sibomana, and D. F. Newport, “Exact and approx-
imate rebinning algorithms for 3-D PET data.,” IEEE Trans. Med. Imaging, vol. 16, no. 2, pp. 145–58, Apr. 1997.
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Morgen Vormittag:
Iterative Bildrekonstruktion

480 radial spokes per slice, 20 overlapping phases, acquisition time: 69 s

HDTVgated gridding MoCo
MVF from cMoCo

MoCo-HDTV
MVF from cMoCo
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Thank You!

This presentation will soon be available at www.dkfz.de/ct.

Parts of the reconstruction software were provided by 
RayConStruct® GmbH, Nürnberg, Germany.


